We explain observed facts and predict testable consequences of d-dimensional (dD) turbulence with d > 3 and of single-or multiple-passive-scalar mixing problem. It is well-known that, besides the kinetic energy, the extra quadratic ideal invariants, the enstrophy in two-dimension (2D) and the helicity in 3D flows, without the boundary contribution of a flow, lead to the nonequipartition of the latter in the absolute equilibrium states, but this note finds: (1) The ideally invariant quadratic (generalized) enstrophy N in 4D turns out to be null, thus unlike the 2D turbulence, no genuine inverse energy transfer is expected. (2) N becomes a null cross-correlation constraint (∇ × v) · (∇u 4 ) for the advecting 3-component v and the passively advected fourth component u 4 (both reduced from the 4-velocity u with cylindrical condition along the 4th coordinate, ∂ 4 ≡ 0), thus not affecting the equipartition of the absolute-equilibrium energy of u 4 . But, the passive scalars with further cylindrical reduction along x 3 are then constrained by their respective cross-correlation with the amplitude ζ of the 2D vorticity, C = ζθ , with θ = u 3 or u 4 , reduced from the corresponding 3D helicity. For dimension d > 4, the ideally invariant generalized helicity for odd d or enstrophy for even d is non-quadratic, hence unrugged. So, (3) only 2D passive scalar equilibrium energy (variance) can be non-equipartitioned and is, as indeed carefully argued to be different from the enstrophy, not excludable to present genuine inverse spectral transfer(s), simultaneously with forward cascade(s) in the non-equilibrium turbulent states. (4) De-correlation of the initial linear dependence between 3D passive scalars (in multi-scalar mixing) or between the scalar(s) and the flow is implied by the intrinsic dynamics.
Introduction
The early discussions of flows in the space of dimension d > 3 (dD) were related to the effects of dimensionality when making the analogy between turbulence and critical phenomena (Nelkin 1974; Fournier, Frisch & Rose 1978) . Turbulent flows in cyclic boxes, or tori T d , of spatial dimensions d = 4 and 5 have recently been studied along with direct numerical simulations (Suzuki et al. 2005; Gotoh et al. 2007; Yamamoto et al. 2012) , and absolute-equilibrium energy equipartition of the kinetic energy for d = 4 was observed with the remarks that "This observation suggests that the second class of invariants does not seriously constrain the dynamics; nevertheless, this question requires further examination" (Suzuki et al. 2005) and "If only the energy constrains the equilibrium state..." (Gotoh et al. 2007) , calling for clarification. Indeed, such energy equipartition is not directly anticipated and wants explanation, because it is wellknown that for d = 2 the other quadratic ideal invariant enstrophy has dynamical effects (Lee 1952 ) and leads to not only non-equipartition of the kinetic energy but also turbulent inverse cascade (Kraichnan 1967) , and because the generalized enstrophy (e.g., Khesin & Chekanov 1989, J.-Z. Zhu and references therein) is also quadratic and ideal rugged invariant for d = 4 (see below), thus would be naively expected to prohibit energy equipartition.
For passive scalar turbulence, which is relevant to a variety of natural and industry mixing problems, such as combustion and air polution, related most obviously and intimately to our life, attentions have been paid to the phenomena of de-correlation between the passive scalar and the flow, and, between multiple scalars (Sirivat & Warhaft 1982; Yeung & Pope 1993; Juneja & Pope 1996; Yeung 1998; Gotoh & Yeung 2010) , for which however, to our best knowledge, no guiding principle from the dynamics has been established. Thus, similarly, it is intriguing whether the generalised enstrophy or helicity for any d other than 2 and 3 has any genuine effects for the passive scalar(s) from the dimensional reduction with cylinder condition as we now explain, for simplicity, starting with the three-dimensional (3D) incompressible Navier-Stokes (NS) equation, (1.2) below, in a box thining by a factor R in the z ′ dimension (e.g., Celani, Musacchio & Vincenzi 2010) , i.e., RL z ′ = L x = L y = L. We have the re-scaled anisotropic viscosities R −2 ν z = ν x = ν y = ν, with z = z ′ R and the corresponding re-scaling of vertical (along-z ′ ) velocity and forcing (pressure can be canceled by incompressibility.) The resultant much larger ν z with large R smoothes z dynamics more, indicating much smaller ∂ z , formally → 0 ('cylinder condition'), i.e., asymptotically the two-dimensional-three-component (2D3C) state, with R → ∞ and the vertical velocity u z passively advected by the 2D 'horizontal' flow, thus a 2D passive scalar problem with unit Schmit/Prandtl number. This is of course reminiscent of the Klein (1926) explanation of the Plank constant by using the smallness/compactness of the curling fifth dimension.
Statisitcal absolute equilibrium analyses support the spectral transfer directions of the (advecting) velocity and its derivatives, forward (to smaller scales) for both velocity and helicity in the fully 3D3C turbulence (Kraichnan 1973) , and, dually backward (to larger scales) for energy and forward for the enstrophy of a 2D flow (Kraichnan 1967) . Particularly component-selecting, rather than the above mentioned simple ν z = ν x /R 2 = ν z /R 2 , anisotropic rheological properties for the two-component-two-dimensional-coupled-with-one-component-three-dimensional (2C2Dcw1C3D, Zhu 2018a) system with ∂ z u z relaxed to be nonzero, bridging the 2D passive scalar and fully 3D flow problems, may add to the cascade direction transitions in thin-layer flows (as discussed by Celani, Musacchio & Vincenzi 2010) . However, before such a 'bridge', still more fundamental studies may be made for the more 'realistic' passive scalar problem beyond the Kraichnan (1968) one with artificial white-noise randomness, the latter being successful and illuminating (Falkovich, Gawȩdzki & Vergassola 2001) though. And, the present work is interested in the fundamental issues of the self-consistent system, such as the bottlenecks in the spectra of 3D passive scalar and the phenomena of de-correlation between multiple scalars, observed in numerical and experimental observations (Sirivat & Warhaft 1982; Gotoh & Yeung 2010; Juneja & Pope 1996; Yeung & Pope 1993; Yeung 1998) .
To be more definite, let's write down the passive-scalar Navier-Stokes (NS) equations in dD
3)
The scalar θ is passive with no back-reaction onto v through the forcing f v which is independent of θ (otherwise active). v is the incompressible NS velocity field (when f v is not a function of v), and the pressure P satisfies the Poisson equation from taking the divergence of (1.2). Curling (1.2) for d = 2, we have
4) with the vertical vorticity ζz = ζ = ∇×v. For the incompressible NS equation with ∂ z ≡ 0, i.e., depending only on x and y coordinates, or averaged over z, the velocity u denotes a 2D3C flow, and the vertical velocity u z = u z z = θz in the (unit) z direction is the third component passively advected by the horizontal velocity u h = v, thus a problem of 2D passive scalar with ν/κ = 1. Reversely, one can 'upgrade' the 3D passive scalar problem to be of the 4D NS dynamic with cylinder condition, and with component-dependent viscosities if the Prandtl/Schmidt number is non-unit. And, we can have multiple passive scalars through multiple such cylinder reductions of dimensions.
The dynamical invariants or the constants of motion present reduced forms in accordance with the cylinder reductions. In addition to the kinetic energy, others have been found to be conserved by d-dimensional (dD) ideal flows by L. Tartar (T ) and Serre (S ), respectively for odd and even d (Serre 2018 , and references therein). And, it is interesting to note that the dD(d+1)C system brings all dD and (d + 1)D invariants altogether, and especially both T and D are held simultaneously from such dimensional reduction. For instance, the 2D3C global helicity turns into the cross-correlation between the 2D vorticity and the third component, ζθ , besides the kinetic energy and enstrophy of the horizontal flow, the total kinetic energy, which should be respected in relevant statistical analyses (Zhu 2018a) .
In 4D, it is convenient to switch the notation convention:
x → 1, y → 2, z → 3 and the fourth velocity component u 4 = θ.
The latter is a passive scalar with the dynamics (1.1, 1.2) when the above cylinder condition is applied with respect to its fourth coordinate. And, in contrast to Eq. (1.4), we have 5) with ω = ∇ × v being the the vorticity of the 3D horizontal velocity v = u h = (u 1 , u 2 , u 3 ). However, as we will see, the reduction of a quadratic T in 3D4C does not simply result in a correlation as in 2D3C: The relevant quantity is the cross-correlation between the gradient of the fourth velocity component θ and the 3D vorticity ω, N = ∇θ · ω , which is null when the boundary, if exists, contributes nothing extra! (1.6)
The general issue of the effects of dD-invariant constraint after dimensional reduction, especially on the passive scalar(s), is intriguing. Although it has been around seventy years since Onsager (1949) argued "'ideal' turbulence" for the inviscid limit of the 3D Euler dynamics, few systematic methods exist to effectively shed light on fundamental issues such as the directions of the spectral transfers (Frisch 1995; Eyink 2008) ; and, use will be made of a tool of statistical analysis called absolute equilibrium of the Galerkin-truncated inviscid system, indicated by Onsager (1945) himself and with others' independent discoveries and developments (Lee 1952; Kraichnan 1967) . It is interesting to note that in the early days, like Lee (1952) , Ziman (1953) , in the context of quantum hydrodynamics as the theoretical efforts for the roton spectrum of the liquid helium, referred the Galerkin truncation of the Fourier modes to the interatomic dimension, and the analogy with Debye's truncation of phonon frequency was pointed out. As discussed in Frisch et al. (2008) , the Galerkin truncation for preparing the absolute equilibria may be regarded as the effect of infinite dissipation rate for the truncated modes, and, the finite-dissipation-rate dynamics inbetween the Euler and Galerkinturncated one presents partial thermalization, which explains the spectral bottleneck and intermittency growth deceleration, the latter of which was indeed observed in high-resolution direction numerical turbulence of Newtonian fluid (Zhu 2006) and, more obviously, of high-order dissipative models Zhu & Taylor (2010) : As will be elucidated and expected, similarly is the case for 3D passive scalars (c.f., Fig. 3 .3 of Gotoh & Yeung 2010) . Recently, absolute equilibrium results have been used for insights of turbulence, ranging from noise reduction with helicity (Zhu 2016b , whose results have been verified and extended to more general situations with extensive direct numerical simulations of decaying and forced compressible turbulence ranging from low to highly-shock-residing Mach numbers: Y. Yang, J. Peng & X. Li, private communication), to the thermal behavior of quantum fluids (Clark di Leoni, Mininni and Brachet 2018, and references therein), and to the extended magnetohydrodynamics cascades (Miloshevich, Morrison & Tassi 2018) , to list a few. We however want to put the methodology to the extremes to check more seriously the statistical mechanics of passive scalars and of higher-dimensional flows in a unified way. The value will be proved by explaining/predicting the relevant observations. It is expectable to see further potential usage also for other systems, such as the Gross-Pitaevskii quantum turbulence whose in silico 4D realizations have been made recently (Miyazaki et al. 2010 ).
Dynamical invariants and statistical mechanics analyses
Dynamical invariants of the ideal incompressible flows are crucial in the analyses below, so it is important to give an overall remark before delving into the specific details. For simplicity, the domain D of the fluid location r is R d or T d (i.e., a periodic cube, with dimension 2π as always below, over which all integrations are performed by default) with Euclidean structure, although some of the formulations also apply to (pseudo-)Riemannian manifold, and correspondingly the Fourier (wavenumber k) space is considered. In the current physical consideration only those observables conserved in detail or rugged with Galerkin truncaton, thus quadratic in general, are relevant constraints (Onsager 1949; Lee 1952; Kraichnan 1967; Kraichnan 1973 ): Kinetic energy always has a seat, and enstrophy and helicity in 2D and 3D respectively take roles.
We need to use some differential-geometry language and notation convention (the same as in Zhu 2018b), such as U for the 1-form velocity (corresponding to u) and its exterior derivative dU as a 2-form. For general situation of dimension d the following invariants are known (Serre 2018 )
and any smooth function g, and, the (generalized) helicity
with the power m denoting m times of wedge products, and µ the volume form. We need to identify in the following discussions which of the above invariants are relevant and how they take effect. It is hardly possible there be other quadratic ones when the degrees of freedom (in the sense of Fourier modes below) are large. The reason why we consider the non-quadratic invariant be generally irrelevant to our absolute equilibrium calculations can be heuristically explained as follows: Consider for simplicity the 1D dynamical variable v in a torus of period 2π. Suppose, for instance, we have a conservation law
Now introducing the Galerkin truncation v →ṽ P G v with modes of wavenumber greater than K being removed as denoted by the operator P G , that iŝ
Note however that, due to nonlinear interaction/mode coupling,
in general. Then, we have
which does not necessarily vanish. In other words, such an invariant does not survive after the Galerkin truncation, i.e., not rugged, and this should be generic for other non-quadratic invariants, if any. While for the rugged invariant surviving from the truncation, we don't even bother introducing the extra tilde to distinguish the notation. If an invariant is quadratic, say v 2 , for which the equation corresponding to and in contrast to (2.7) is
then we see that we have proved the ruggedness of the known ideal hydrodynamic quadratic invariants, which can also can be directly checked (Onsager 1949; Kraichnan 1973 ) from the Galerkin truncation Euler dynamics
Note that the above Eq. (2.9) is defined only for |k| K, thus Eq. (2.6) is allowed. So far, systematic knowledge about passive scalar is available only for the Kraichnan (1968) model with separately given independent delta-correlated-in-time synthetic velocity and pumping (Falkovich, Gawȩdzki & Vergassola 2001) , and a kind of 'unified' theory, with, say, f θ also possibly denpending on v in some specific way (relevant to the injection of the correlation invariance of 2D passive scalar to be discussed below), is practically wanted for the 'self-consistent' dynamics.
4D incompressible flows and 3D passive scalar
For a 4D u solving Eq. (1.2) for v, the generalised curl is six dimensional, which reads in coordinate form
According to Serre (2018) , L. Tartar proved that, for d = 2m, the density τ of the d-form (dU) m = τ µ solves (∂ t + u · ∇)g(τ ) = 0 for any smooth function g, thus his conservation law; see also Khesin & Chekanov (1989) for the details of the proof.
For m = 2, τ is quadratic and we believe (with the heuristic argument explained earlier) that the generalized enstrophy (but not positive definite)
is the only rugged invariant among all gs. And we obtain dU
with a factor of two neglected below for convenience, from Eq. (2.10) that
Organising τ differently in the above are essential for the following two important observations respectively:
First, we can see from the right hand side of the second equality that, when the boundary contribution from integration by parts (corresponding to the Stokes theorem for the integration of differential forms) is null, as particularly for D = T 4 ,
Thus, the only constraint left is the obvious one of kinetic energy which is equipartitioned in the absolute equilibrium state of the Galerkin truncated inviscid system (Lee 1952). Thus, we have clarified the point with respect to the quotations from Suzuki et al. (2005) and Gotoh et al. (2007) in the beginning of our introductory discussions. We are now interested in the intrinsic dynamics free from boundary effects, and the absolute-equilibrium equipartition and turbulent forward cascade of energy they found should be genuine and, as will be argued, common to all d > 3. As a side note, on the other hand, this invariant is a good measure of the boundary effects, which may be useful in other situations. Second, as said, with the 'cylinder' condition ∂ r4 = 0, u 4 = θ becomes a passive scalar, if the forcing on the 'horizontal' 3D velocity does not depend on u 4 . For such a 3D4C system, the rugged invariant constraints are the well-known kinetic energy and helicity of the 3D advecting ('horizontal') v (Kraichnan 1973) , and, the energy of the passive scalar Z = θ 2 (the difference between the total 4D kinetic energy and horizontal 3D one): N still vanishes by logic, but it is also direct to check term by term in the first line of Eq. (2.12) that τ → ω 3 θ ,3 + ω 2 θ ,2 + ω 1 θ ,1 = ∇θ · ω = ∇ · (ωθ), and that N → N in (1.6).
(2.14)
[N = 0 is seen also from the vanishing expression in each spectral component, k · (k ×v k ) = 0, the reduced case of the fact that, each pair in the six parentheses, behind the second equality of Eq. (2.12) for τ , cancels their spectra and of course cancels after spatial integration over the corresponding two directions (indicating actually an even stronger result of vanishing two-point correlation in each plane).] So, N produces null cross-correlation constraint between θ and v, and the commonly accepted equipartition of absolute equilibrium Z, obtainable from the canonical ensemble, is assured, indicating genuine forward turbulent cascade, since the diffusivity will damp the large-wave-number modes to whom the nonliear interactions then keep transfer energy, tending to repair the incompleted thermalization (Kraichnan 1967) . As the residue of the partial thermalization, just as the kinetic energy spectral bottleneck (Frisch et al. 2008) as mentioned in the introductory discussions, we expect that, if the Prandtle/Schmidt number is unit (thus no other effects due to different dissipation scales), a similar phenomena should present in the spectra of the 3D passive scalar inbetween the inertial and dissipation ranges, which indeed is the case (c.f., Fig. 3 (Zhu 2006 ) of the scalar increments, and we further expect that, similarly, "a lull in the growth of intermittency at bottleneck scales may already be observed" (Frisch et al. 2008) , and can be more obvious for models of hyperviscosity and hyperdiffusivity fashion, as presented in Zhu & Taylor (2010) for the flow with hyperviscositylike model. Note that, although the scalar flux uθ is not an ideal invariant and although the absolute-equilibrium result with independent Gaussian distributions of the flow and the scalar is uθ = 0, "If a mean gradient is present, production is represented by the velocity-scalar cospectrum E uθ (k)" (Gotoh & Yeung 2010) . However, it is hard to say anything about such forced statistical steady states, except for the de-correlation in the decaying case (next subsection). Also interesting is the non-universality (depending, at least, on the pumping mechanism of the passive scalar) of the scaling exponents (of higher-order statistics) indicated in Gotoh & Watanabe (2015) . Again, so far, we can not obtain any insights from the absolute equilibrium analyses for such non-equilibrium high-order statistics. Since higher-order statistics depend more on the (intermittent) local structures, say, the vortex tubes with helical velocity (thus strong local helicity density ω · v), locating at the non-Gaussian tails, it might be that, correspondingly, the local density ∇θ · ω (depending on the pumping mechanism) be relevant, though N = 0, in the cyclic box where runs the passive scalar of Gotoh & Watanabe (2015) . Note that ∇θ · ω is actually the ideal Lie-invariant (Serre 2018; Khesin & Chekanov 1989 ) which has been suggested (Zhu 2018b ) to be respected in non-equilibrium turbulence ensembles.
5D hydrodynamic turbulence and multiple 3D and 2D passive scalars
It is seen that (Zhu 2018b) for the 2D3C Euler, the (Lie-)invariant local helicity h = 2θζ may be used as a surrogate for the spatial density h = ∇ × u · u of the invariant global helicity H = hdr with such appropriate (say, periodic) boundary conditions that no boundary term appears with integration by parts. That is, H reduces to the θ-ζ cross-correlation (see also Moffatt ?)
(2.15) Thus, the global invariance of helicity can be either Lagrangian with the domain surrounded by the moving boundary ∂D(t), or Eulerian with fixed domain D where the flow needs to satisfy some particular (say, periodic) conditions on ∂D.
Decomposing the 2C2Dcw1C3D field into the horizontal and vertical parts as conventionally done in the 2D3C flow (Zhu 2016a) leads to the similar dynamics of the decomposed vorticities and helicities to those of the latter (Zhu 2018a); and, if periodic boundary conditions were applicable, the same rugged global conservation laws as the following would formally hold:
and the passive-scalar (vertical) energy Z = θ 2 = u 2 z , besides C. The absolute equilibrium spectra for 2D3C flows was calculated from canonical (joint) probability distribution function [(J)PDF] ∼ exp{−(Γ C C+Γ E E +Γ W W +Γ Z Z)}, with Γ • being the corresponding Lagrangian multipliers (temperature parameters) for the invariants (Kraichnan 1967 ) of the corresponding Galerkin truncated system in a cyclic box (of dimension L = 2π) with the Fourier transform v(r) ↔v k (and similar Fourier representations for other variables, all with vanishing vertical component of the wavenumber k, k z = 0): with
J.-Z. Zhu Kraichnan (1967) considered only the 2D flow and obtained
Since the scalar is passive with no back reaction onto u h , so one might claim on the first sight that our result be pathological with Γ Z and Γ C "wrongly" entering the above D (Zhu 2018a) . But, actually,
which means nothing but a change of temperature parameters, instead of any pathology. All the discussions of Kraichnan (1967) , such as the negative-temperature state with large-scale concentration of energy and the implication of dual cascades, carry over to our case. For instance, according to Eq. (2.19) the graph of U h in Fig. 2 of Zhu (2018a) with Γ E = −1, Γ W = 2.001, Γ C = −1 and Γ Z = 1 is equivalent to the one of Kraichnan (1967) with Γ K E = −1 and Γ K W = 1.001. Of course, the passive scalar brings extra interesting phenomena and physical subtleties into the problem, and the discussions can be extended to multiple passive scalars advected by the same flow.
For 5D isotropic turbulence, however, the generalised helicity D is now cubic, not supposed to be rugged to survive from the Galerkin truncation for constraining the absolute equilibrium, thus the absolute equilibrium would present a k 4 1D spectrum corresponding to equipartition. [5D turbulence in T 5 has already been simulated, though no (absolute eqilibrium) spectral information is presented by Yamamoto et al. (2012) .] Note that we can reduce the 5D5C flow to 4D5C, 3D5C and even 2D5C systems with sequential imposition of cylinder conditions. And, on the other hand, yet more passive scalar(s), from reduction of dimension d > 3 or not, with different initial fields and pumping mechanisms (if exist) can be included. To be more explicit, for the 2D5C system case, we have three passive scalars θ i (i = 1, 2, 3), and, accordingly Z i and C i to form the canonical (J) PDF (2.20) to extend the formulae (2.16) and (2.17), and, similar analyses can be carried out for each passive scalar. One might be concerned by the possible mutual-correlation between different passive scalars or their derivatives. However, we see again from Eq. (2.11) that reducing from 4D4C to 2D4C with cylinder condition ∂ x3 = ∂ x4 = 0 results in the reduction:
Thus, explicitly, again the integration by parts show the vanishing mutual-correlation between the derivatives of the passively advected u 3 and u 4 , reduced from the quadratic N , should not affect the above result. So, corresponding to Eqs. (2.16 and 2.20), we now have, for instance, One might also suspect that (much-)higher-dimensional invariants could have impact on 'reallife-dimension' passive scalar from dimensional reduction, which is not necessary in the current consideration because, for the problem of dimension d > 4, the invariants of Eqs. (2.1,2.2) are not quadratic and thus not rugged in general. These dD ideal invariants can not be included in the absolute equilibrium analyses in the above, thus leaving no constraint on the corresponding statistical study of the reduced 2D or 3D passive scalars. The implication is that, for all d > 3, the kinetic energy of the flow and the passive scalar are both expected to have absolute-equilibrium equipartition and turbulent forward transfer.
Some more remarks about the 3D problem are in order. As said, there are no further constraints with correlation between the flow and the passive scalars or between the passive scalars themselves in the absolute equilibrium ensemble of the 3D multiple-scalar system. The absolute equilibrium PDFs Passive scalar turbulence with diffusion and dissipation are of course far from the absolute equilibrium, but the importance of the quadratic interaction responsible for the thermalization still indicates that the initial linear dependence between different passive scalars tend to be decorrelated (not by the damping of the amplitudes, because we are talking about normalized statistical correlation coefficient ρ θ1θ2 = θ1θ2 (θ1) 2 1/2 (θ2) 2 1/2 ) at least in the homogeneous setup, which can be easily checked in physical or in silico experiments and which should be respected in modeling the muti-scalar mixing; however, not enough attention has been paid to this point, neither by Juneja & Pope (1996) nor by Cha et al. (2006) , for instance: Juneja & Pope (1996) indeed showed that although the marginal PDFs of the two scalars are quite different, they assume a similar near-Gaussian shape after some evolution time; unfortunately, later evolution of the normalized correlations were not measured, though the initial correlation (without normalization) between the two scalar was given. Similar results also hold for d > 3, though for the different reason concerning ruggedness as mentioned in the last sub-section, indicating that the independent white-noise velocity assumption in Kraichnan model (Kraichnan 1968 ) makes a lot of sense in the spaces of such dimensions. Note that, as given by Eq. (1.6), N i = ∇×v ·∇θ i is always zero because of no boundary contritution in T 3 , which does not mean that the 'flux' v α θ i can not be set to be non-zero; however, the above ultimate absolute-equilibrium independent Gaussian distributions indicate that the 'scalar-pressure derivative correlation' not only effects 'the return to isotropy' (as discussed in Sirivat & Warhaft 1982 ) but also 'de-correlation'. Yeung & Pope (1993) and Yeung (1998) studied differential diffusion of passive scalars in isotropic turbulence and indeed observe monotonic decreases of ρ θ1θ2 with time, which, at least the early time behavior not heavily affected by the different Schmidt numbers, may be viewed as a support of our prediction. Sirivat & Warhaft (1982) also measured 'the scalar cross correlation' ρ θ1θ2 . Some results (those before theire Fig. 22 ) are in agreement with our prediction, but Figs. 22 and 24 are not. These latter two figures show the constancy and even the increase of ρ θ1θ2 , and they said "The unexpected case in which the scalar cross-correlation function increases has only been determined using the inference method; it will be interesting to see (in future measurements) whether this result can be verified using two different scalars." Unfortunately, we have so far not been able to find closely relevant later progress illuminating this point (c.f. Warhaft 2000) . An explanation is that those cases have boundary contributions to N i , which is of course an important issue in engineering (Soltys & Crimaldi 2015) .
Further discussions
We have seen that the advecting flow and the advected passive scalar(s) can be unified by dimensional upgrade, offering a convenient way to deal with all the relevant ideal invariants, and, particularly for the effects of the cross-correlation from the absolute-equilibrium-analysis point of view, a 3D passive scalar does be subjected to the constraint of Tartar's generalised enstrophy N which however is null in T 4 (and also in T 3 after cylindrical dimensional reduction.) N is also a null mutual-correlation on T 2 between the two reduced passive scalars. The most impressive results appear to be
The subtleties of the 2D passive scalar statistics in Sec. 2 2.2 also lie in the fact that, when C = 0, U z presents both small-k h concentration and large-k h equipartition (as W ), but without any effective dynamical constraint like W = k 2 h U h which limits the relative transfers of E and W (Fjørtoft 1953) . Indeed, following the reasoning of Kraichnan (1967) and also his set up for forced turbulence, it is so far not excludable that Z could have also genuine inverse transfer behaviors, or even simultaneously forward and backward dual cascades, depending on the situation and setup; and, for the same reason concerning Q C , similar behavior of C would happen. We can even loosely term such a fashion the energy-enstrophy duality. Although, the factor k 2 h weakens the strength of large scale concentration and the tendency of inverse transfer of Z should be less strong (compared to E), we don't have a good reason to exclude its potential to work in turbulence. In particular, the statement that although the cascades of the velocity differ between two and three dimensions, "those for the scalar do not when a comparable velocity is imposed, since the conservation properties of the scalar do not depend on dimensionality", by Holzer & Siggia (1994) , is not appropriate, neither for 2D case with the reduced helicity θζ nor for 3D case with the reduced generalised enstrophy ω · ∇θ (though vanishing in T 3 ). Thus, now one should also be careful with the statement in Zhu (2018a) that the relaxation toward the helical absolute equilibrium with Z concentrated at large scales should not induce inverse cascade/transfer just among the k z = 0 modes, though it is possible that such an internal channel may be very sensitive and unstable to perturbations (such as the u z wave remarked in Zhu 2018a) and can yield to other external routes.
We iterate that C is formed only when a passive scalar θ in the incompressible two-dimensional flow v is so smart as to track the (signed) intensity of the vorticity field, rather than v tracking θ (which would imply that θ had back reaction onto v). This means that in an experiment (physical or in silico) of two dimensional flows, the tracer should be put into vortical regions of the flow in a selective way, or that the passive scalar is somehow by itself smart enough, at least in the pumping scales [the wavenumber(s) where C is injected in a numerical simulation, say] when entering the system, to locate itself in a right coherent way. Such scalar is still quite different to the vorticity which may present "ideal" turbulence in the sense of zero molecular diffusion limit (Onsager 1949; Frisch 1995) with forward W cascade of k −1 spectrum (with logarithmic correction, according to Kraichnan 1967) , thus W → ∞, not incompatible with current rigorous mathematical results of 2D Euler (Eyink 2008); and, even though Z can cascade forwardly like W, genuine (simultaneous or not) "leaking" inverse transfer to large scales of a fraction of it can not be excluded so far.
The last remark in the above is relevant, because, if we suppose in Eqs. (1.1) and (1.4)
However, with finite W, no dissipative anomalies is expected (c.f. Eyink 2008, and references therein) in the ν → 0 limit, no reason for asymptotic θ = ζ; with infinite W, the assumed dissipative anomalies may not be the same (even with ν = ζ vanishing equally) and dissipative anomalies would imply intrinsic stochasticity, neither any reason for ζ = θ. It appears precisely because θ is (strongly) correlated to ζ thus associated to the inversely cascaded v while cascading forwardly with ζ, but without the relation θ = ζ, so that some Z can 'leak' along larger and larger scales. Such a ν = κ equally-vanishing asymptotic scenario indicates that we need very small diffusivity (and accordingly very high resolution in numerical simulations) and would probably need to wait a long time, for the nonlinear dynamics to beat the molecular linear damping (and probably other numerical dissipation effect etc.), to see the inverse transfer and large-scale concentration of Z (if indeed). A large-scale 'friction' or, in terms of the numerical experiments, the hypo-diffusivity with increasing damping at larger scales could help facilitating the inverse Z transfer. From Fourier-mode truncation point of view, the reduction of the ith dimension is removing all the modes with k i = 0; or, in other words, only those modes with k i = 0 survive from the truncation, resulting in a fraction of surviving modes
While for the 2C2Dcw1C3D flow (Zhu 2018a) , u z escapes from such truncation, which then makes it non-passive. The reduction of the number of dimension now can also be viewed as not being one, but something in between zero and one, resulting in a non-integer dimension for the system as a whole. It is of couse interesting to further truncate or decimate (in a random fashion) part of u z modes to control how and how much it is non-passive, though beyond the interest of this note, which, together with other possible relaxations, is of course reminiscent of " Klein's Serendipity, 1938 " (O'Raifeartaigh 1997 going beyond the original Nordström-Kaluza cylindercondition ansatz. Indeed, when there is only one pair of conjugate complex eigenvalues, we can represent the (local) 4D velocity gradient tensor (the anti-symmetric part of which corresponding to the 2-form dU) in the following real Schur (1909) Here, the (local) co-ordinates have already been such chosen as to result in the (block) upper triangle matrix in the above real Schur form as indicated by the items with vanishing values given in the parentheses (written in the transposed order compared to that of Zhu 2018a, whose first-two-and-half-page analyses can be extended to such a case). Flow model uniformly of such a form of velocity gradient may be used for some particular case(s) whose scalar(s), advected by 3D compressible flow (because, the notations appearing around Eq. (1.5) used, ∇ · v = −∂ 4 u 4 from the 4D incompressibility ∇ · u = 0), are not completely passive. We however postphose the further local/Lie-strucure studies and their possible implimentation in constraining turbulence (Zhu 2018b) , and, the even further reductions (with u 1,2 = u 1,2 = 0) of the statistical results to another communication with different purpose. Here the focus is on the full dD flows and their complete cylindrical reductions.
Finally, for the problem of dimension d > 4, the invariants of Eq. (2.1) are not quadratic and thus not rugged in general, so we can not include them in the current physical consideration of constraints for the dynamics of the passive scalar from dimensional reduction, presumably leaving the passive scalar energy equipartitioned in absolute equilibrium and forwardly transferred to smaller scales in turbulence. Similarly, although Khesin & Chekanov (1989) have generalised Eqs. (2.1,2.2) to more general barotropic flows, we probably can not find relevant new surprise beyond the aeroacoustic analysis of Zhu (2016b) in higher dimensions. It is desirable to find more fundamental extension of the structure of the nonlinearity in higher dimension.
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